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Abstract
We introduce a class of novel Z2 × Z2-graded color superalgebras of infinite di-
mension. It is done by realizing each member of the class in the universal enveloping
algebra of a Lie superalgebra which is a module extension of the Virasoro algebra.
Then the complete classification of central extensions of the Z2 × Z2-graded color
superalgebras is presented. It turns out that infinitely many members of the class
have non-trivial extensions. We also demonstrate that the color superalgebras (with
and without central extensions) have adjoint and superadjoint operations.
1 Introduction
Continuous symmetry is one of the most fundamental notions in mathematics and the-
oretical physics. In many cases a Lie group is used to describe continuous symmetries
and its Lie algebra corresponds to the infinitesimal transformations. Two of the gener-
alizations of Lie groups and Lie algebras are also used to describe enlarged notions of
symmetry. First one is the supergroups which are defined by introducing Z2 grading
structure into Lie groups. In physics, it provides transformations mixing up the bosonic
and fermionic degree of freedoms. Second one is the quantum groups which are a sort
of deformation of the coordinate ring of a Lie group. A quantum group may describe
“continuous” transformations in a non-commutative space. It is widely recognized that
these two generalizations play rather important roles not only in the context of symmetry
but also in various fields of mathematics and physics.
However, these two are not the only generalization of Lie groups and Lie algebras.
Indeed, a generalization of Lie algebras was considered by Ree in 1960 [1] and then
rediscovered, together with a corresponding generalization of Lie groups in the late 70’s
[2–4]. The basic idea of the generalization is to introduce a new grading structure to the
underlying vector space of the Lie algebra. In other words, it replaces the Z2 grading of
superalgebras with a more general abelian group. Such a generalization is called color
(super)algebras after the work trying to unify the spacetime and internal symmetries
[5]. Like supergroups and quantum groups the color (super)groups will provide a new
enlarged symmetry. There are some works considering the enlarged symmetries in physical
problems such as an extension of spacetime symmetries [6–12]. In mathematics, algebraic
and geometric aspects of the color (super)algebras have been continuously studied since
its introduction, see e.g., [15–37] and references therein. However, it seems that the
color (super)algebras have not been recognized widely in the communities of physics and
mathematics.
Recently, it was observed that symmetries of a partial differential equation, called
the Le´vy-Leblond equation, are given by a color superalgebra having a Z2 × Z2 grading
structure (we call it Z2×Z2-graded color superalgebra throughout this paper) [13,14]. The
Le´vy-Leblond equation is a quantum mechanical wave equation of a spin 1/2 particle in a
non-relativistic setting so that it is one of the fundamental equations in physics. In fact,
the color superalgebra defining the symmetry of the Le´vy-Leblond equation is realized in
the universal enveloping algebra (UEA) of the super Schro¨dinger algebra. Furthermore, it
is shown that some Z2 × Z2-graded color superalgebra can be realized in the UEA of the
superconformal Galilei algebras which contain the super Schro¨dinger algebras as a special
case [24, 28]. It is also known that the Clifford algebras are a color superalgebra of Z⊗n2
grading [26].
These observations would imply that color (super)algebras are not unusual in physics
and mathematics. In order to demonstrate that this is the case, we provide a class of
infinite dimensional Z2×Z2-graded color superalgebra in the present work. Each member
of the class is realized in the UEA of a Lie superalgebra which is a module extension of the
Virasoro algebra. As a result these color superalgebras also have the Virasoro algebra as
a subalgebra. We then give the complete classification of central extensions of this class
of color superalgebras. Namely, we clarify which member has what kind of non-trivial
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extensions. It turns out that many members have a non-trivial extension. In this way, we
introduce a class of novel infinite dimensional Z2 × Z2-graded color superalgebra which
has a close relation to Lie superalgebras.
Here we mention the motivation considering the module extensions of the Virasoro
algebra. Such algebras were studied many years ago in mathematics [38–41] and in grav-
itational physics [42,43]. Recently, those algebras have attracted some interest in physics
in the relations to integrable many-body systems [44], AdS/CFT correspondence and so
on (see [45] for more detailed references). Therefore, Z2 × Z2 graded versions of such
algebras may have potential applications to physical problems.
We plan the paper as follows. In the next section, we give the definition of Z2 ×
Z2-graded color superalgebra which is the only color generalization considered in the
present work. We also give a class of Lie superalgebras, denoted by vℓ1,ℓ2 , which is a
module extension of the Virasoro algebra and our starting point of construction of color
superalgebras. We collect the results of the present work in §3. The first result is a
construction of a Z2×Z2-graded color superalgebra by realizing it in the UEA of vℓ1,ℓ2. The
Z2×Z2-graded color superalgebra so constructed has central extensions. The second result
is the complete classification of all possible central extensions. The method employed is
elementary but the lengthy discussion is needed. So the detail is presented in §4. The
third result relates to adjoint and superadjoint operations in the Z2 × Z2-graded color
superalgebra . We introduced adjoint and superadjoint operations to the Z2 ×Z2-graded
setting which are a natural generalization of the Z2-graded case. We then demonstrate
that our Z2 × Z2-graded color superalgebra do indeed have these operations by giving
them explicitly.
2 Preliminaries
2.1 Z2 × Z2-graded color superalgebra
Here we give the definition of a Z2×Z2-graded color superalgebra [2,3]. Let g be a vector
space over C and a = (a1, a2) an element of Z2 × Z2. Suppose that g is a direct sum of
graded components:
g =
⊕
a
ga = g(0,0) ⊕ g(0,1) ⊕ g(1,0) ⊕ g(1,1). (2.1)
In what follows, we denote homogeneous elements of ga as Xa, Ya, Za. If g admits a
bilinear operation (the general Lie bracket), denoted by J·, ·K, satisfying the identities
JXa, YbK ∈ ga+b (2.2)
JXa, YbK = −(−1)
a·bJYb, XaK, (2.3)
(−1)a·cJXa, JYb, ZcKK + (−1)
b·aJYb, JZc, XaKK + (−1)
c·bJZc, JXa, YbKK = 0, (2.4)
where
a+ b = (a1 + b1, a2 + b2) ∈ Z2 × Z2, a · b = a1b1 + a2b2, (2.5)
then g is referred to as a Z2 × Z2-graded color superalgebra.
2
We take g to be contained in its enveloping algebra, via the identification
JXa, YbK = XaYb − (−1)
a·bYbXa, (2.6)
where an expression such as XaYb is understood to denote the associative product on
the enveloping algebra. In other words, by definition, in the enveloping algebra the
general Lie bracket J·, ·K for homogeneous elements coincides with either a commutator or
anticommutator.
This is a natural generalization of Lie superalgebra which is defined with a Z2-graded
structure:
g = g(0) ⊕ g(1) (2.7)
with
a+ b = (a + b), a · b = ab. (2.8)
It should be noted that g(0,0)⊕ g(0,1) and g(0,0)⊕ g(1,0) are subalgebras of g (with Z2×Z2-
grading).
2.2 A module extension of Virasoro algebra
Let ℓ1 and ℓ2 be the parameters which can take values from the set of non-negative integers
and half-integers {0, 1
2
, 1, 3
2
, 2, . . . }. We consider the infinite dimensional Lie superalgebra,
which we denote vℓ1,ℓ2 , defined by the relations:
[Lm, Ln] = (m− n)Lm+n +
c
12
m(m2 − 1)δm+n,0,
[Lm, Pr] = (mℓ1 − r)Pm+r,
[Lm, Xu] = (mℓ2 − u)Xm+u,
[Pr, Ps] = [Pr, Xu] = {Xu, Xv} = 0,
[Lm, c] = [Pr, c] = [Xu, c] = 0. (2.9)
The index of Lm takes integer values (i.e. m ∈ Z), while the indices of Pr and Xu depend
on ℓ1 or ℓ2 : r ∈ Z+ ℓ1, u ∈ Z+ ℓ2. The basis {Lm} spans the Virasoro subalgebra and
the subspace spanned by Pr or Xu is a Virasoro module. Thus the superalgebra vℓ1,ℓ2 is
a super Abelian extension of the Virasoro algebra (c.f.. [38–40]).
The choice of the range of indices stems from the module structure of the sl(2) sub-
algebra 〈L±1, L0〉. The abelian subalgebra 〈Pr, Pr−1, . . . , P−r〉 is a spin-ℓ1 sl(2) module
and 〈Xu, Xu−1, . . . , X−u〉 is a spin-ℓ2 module.
Throughout this article the indices m,n are reserved to indicate integers (m,n ∈ Z),
while r, s, t (respectively u, v, w) are reserved to indicate numbers taking values in Z+ ℓ1
(respectively Z+ ℓ2).
3 Algebraic structure
In this section, we present our results of the present work. We denote the universal
enveloping algebra of vℓ1,ℓ2 by U(vℓ1,ℓ2).
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3.1 Z2 × Z2-graded color superalgebra realized in U(vℓ1,ℓ2)
Our first result is the existence of the Z2×Z2-graded color superalgebra which is realized
in U(vℓ1,ℓ2). To see this, we take particular elements in U(vℓ1,ℓ2) :
Prs = {Pr, Ps}, Xuv = [Xu, Xv], Tru = {Pr, Xu}. (3.1)
Prs is symmetric in its indices, Xuv is antisymmetric, and Tru has no particular symmetry.
Consider the infinite dimensional Z2×Z2-graded vector space whose basis is given by
(0, 0) Lm, Prs, Xuv, c
(0, 1) Pr
(1, 0) Tru
(1, 1) Xu
(3.2)
where indices run over all allowed values, as described previously. It is easy to see by
using the relations (2.9) of vℓ1,ℓ2 that the non-vanishing general Lie bracket (2.6) for the
basis (3.2) is given by
[Lm, Ln] = (m− n)Lm+n +
c
12
m(m2 − 1)δm+n,0,
[Lm, Pr] = (mℓ1 − r)Pm+r,
[Lm, Xu] = (mℓ2 − u)Xm+u,
[Lm, Prs] = (mℓ1 − r)Pm+r,s + (mℓ1 − s)Pr,m+s,
[Lm, Xuv] = (mℓ2 − u)Xm+u,v + (mℓ2 − v)Xu,m+v,
[Lm, Tru] = (mℓ1 − r)Tm+r,u + (mℓ2 − u)Tr,m+u,
{Pr, Ps} = Prs, [Xu, Xv] = Xuv, {Pr, Xu} = Tru. (3.3)
Thus the vector space is closed under the (Z2×Z2-graded) commutator and anticommu-
tator. It is observed that the subspace spanned by Prs, Xuv, Tru is also a Virasoro module.
One may regard (3.3) as the general Lie bracket defining an abstract color superalgebra
if it is compatible with the graded Jacobi identity (2.4) (without the aid of (2.9)). It is
not difficult by direct computation to verify the compatibility of the relations (3.3) and
the graded Jacobi identity.
Proposition 3.1 The vector space (3.2) with the relations (3.3) define a Z2 ×Z2-graded
color superalgebra. We denote this color superalgebra by gℓ1,ℓ2.
Since the color superalgebra gℓ1,ℓ2 is realized in U(vℓ1,ℓ2), any representation of vℓ1,ℓ2
is converted to a representation of gℓ1,ℓ2.
3.2 Central extensions
Our second result is the complete classification of all possible central extensions of gℓ1,ℓ2.
Here we define the central element of a color superalgebra as an element having vanishing
general Lie bracket with any elements of gℓ1,ℓ2. Namely, if C is a (Z2×Z2-graded) center,
then JC,XK = 0 for ∀X ∈ gℓ1,ℓ2. In other words, the central element C also has the Z2×Z2
degree. We denote the central extension of gℓ1,ℓ2 by gˆℓ1,ℓ2. The classification of the central
extensions is summarized in the following theorem:
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Theorem 3.2 All possible central extensions of gℓ1,ℓ2 are given as follows:
[Lm, Pr] = (mℓ1 − r)Pm+r + δm+r,0 p(m),
[Lm, Xu] = (mℓ2 − u)Xm+u + δm+u,0 x(m),
[Prs, Pt] = δr+s+t,0 h(r, s), [Xuv, Xw] = δu+v+w,0 η(u, v),
[Prs, Xu] = δr+s+u,0 ρ(r, s), [Xuv, Pr] = δu+v+r,0 q(u, v),
[Tru, Ps] = δr+u+s,0 κ(r, s), {Tru, Xv} = δr+u+v,0 ζ(u, v),
where
p(m) = (δℓ10m
2 + δℓ11m
3) cp,
x(m) = (δℓ20m
2 + δℓ21m
3) cx,
h(r, s) = δℓ10(r + s)ch,
η(u, v) = δℓ20(u− v)cη,
ρ(r, s) = −2
(
δℓ10δℓ20(r − s) + δℓ1 1
2
δℓ20(r
2 − s2)
)
cκA,
q(u, v) = −2
(
δℓ10δℓ20(u− v) + δℓ10δℓ2 1
2
(u2 − v2)
)
cζA,
κ(r, s) = δℓ10δℓ20
(
(r + s)cκS + (r − s)cκA
)
+ δℓ1 1
2
δℓ20(r
2 − s2)cκA + δℓ10δℓ21 rs cκS ,
ζ(u, v) = δℓ10δℓ20
(
(u+ v)cζS + (u− v)cζA
)
+ δℓ10δℓ2 1
2
(u2 − v2)cζA + δℓ11δℓ20 uv cζS .
We give the grading of the non-trivial central elements:
(0, 0) c
(0, 1) cp, ch, cζA, cζS
(1, 1) cx, cη, cκA, cκS
(3.4)
The theorem may be proved by an elementary method. As it is lengthy, we postpone it
to the next section.
3.3 Adjoint and Superadjoint operations
Having a class of new color superalgebras, it is important to investigate their represen-
tations. However, it will be beyond the scope of the present paper. Instead we here
study some structural properties of gˆℓ1,ℓ2 (and gℓ1,ℓ2) relating to unitary representations
of Z2 × Z2-graded color superalgebra . Let g be a Z2 × Z2-graded color superalgebra .
We introduce two operations in g which are a natural generalization of the corresponding
operations in Lie superalgebras (see e.g., [46]).
Definition 3.3 An adjoint operation in g, denoted by †, is a mapping g → g satisfying
the following conditions:
(i) X†
a
∈ ga
(ii) (αXa + βYa)
† = α∗X†
a
+ β∗Y †
a
where α, β ∈ C and α∗ is the complex conjugation
(iii) JXa, XbK
† = JX†
b
, X†
a
K
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(iv) (X†
a
)† = Xa
Definition 3.4 A superadjoint operation in g, denoted by ‡, is a mapping g → g satisfying
the following conditions:
(i) X‡
a
∈ ga
(ii) (αXa + βYb)
‡ = α∗X‡
a
+ β∗Y ‡
b
where α, β ∈ C
(iii) JXa, XbK
‡ = (−1)a·bJX‡
b
, X‡
a
K
(iv) (X‡
a
)‡ = (−1)a·aXa
We demonstrate the existence of the adjoint and superadjoint operations in gˆℓ1,ℓ2 (this
shows the existence in gℓ1,ℓ2, too) by giving an explicit example of those operations.
Proposition 3.5 The following operation is an adjoint operation in the color superalgebra
gˆℓ1,ℓ2 :
L†m = L−m, P
†
r = P−r, X
†
u = X−u,
P †rs = P−r,−s, X
†
uv = −X−u,−v, T
†
ru = T−r,−u,
c† = c, c†h = ch, c
†
η = −cη,
c†p =
{
−cp ℓ1 = 0,
cp ℓ1 = 1,
c†x =
{
−cx ℓ2 = 0,
cx ℓ2 = 1,
c†κA =
{
cκA ℓ1 = ℓ2 = 0,
−cκA ℓ1 =
1
2
, ℓ2 = 0,
c†κS =
{
cκS ℓ1 = ℓ2 = 0,
−cκS ℓ1 = 0, ℓ2 = 1,
c
†
ζA
=
{
−cζA ℓ1 = ℓ2 = 0,
cζA ℓ1 = 0, ℓ2 =
1
2
,
c
†
ζS
=
{
−cζS ℓ1 = ℓ2 = 0,
cζS ℓ1 = 1, ℓ2 = 0.
(3.5)
Proposition 3.6 The following operation is an superadjoint operation in the color su-
peralgebra gˆℓ1,ℓ2 for ℓ1 ∈ N+
1
2
and ℓ2 ∈ N :
L‡m = (−1)
mL−m, P
‡
r = (−1)
ℓ1+rP−r, X
‡
u = (−1)
uX−u,
P ‡rs = (−1)
r+sP−r,−s, X
‡
uv = (−1)
u+v+1X−u,−v, T
‡
ru = (−1)
ℓ1+r+u+1T−r,−u,
c‡ = c, c‡η = −cη, c
‡
κA
= −cκA,
c‡x =
{
−cx ℓ2 = 0,
cx ℓ2 = 1.
(3.6)
Proof of these propositions is straightforward. One may easily verify that the opera-
tions (3.5) and (3.6) satisfy the definitions. We remark that the adjoint and superadjoint
operations in gˆℓ1,ℓ2 are not unique. The ones in Propositions 3.5 and 3.6 are understood
as one of the possibles. However, it should be emphasized that the propositions show that
the color superalgebra gˆℓ1,ℓ2 can have unitary representations. Thus one may expect that
gˆℓ1,ℓ2 will be discussed in a context of quantum physics.
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4 Proof of Theorem 3.2
By definition, central elements may appear in all the possible general Lie bracket of gˆℓ1,ℓ2.
More precisely, one may consider the following relations:
[Lm, Pr] = (mℓ1 − r)Pm+r + p(m, r),
[Lm, Xu] = (mℓ2 − u)Xm+u + x(m, u),
[Lm, Prs] = (mℓ1 − r)Pm+r,s + (mℓ1 − s)Pr,m+s + p(m; r, s),
[Lm, Xuv] = (mℓ2 − u)Xm+u,v + (mℓ2 − v)Xu,m+v + x(m; u, v),
[Lm, Tru] = (mℓ1 − r)Tm+r,u + (mℓ2 − u)Tr,m+u + t(m; r, u),
{Pr, Ps} = Prs + α(r, s), [Xu, Xv] = Xuv + β(u, v),
{Pr, Xu} = Tru + γ(r, u),
[Prs, Pr′s′] = p(r, s; r
′, s′), [Xuv, Xu′v′ ] = x(u, v; u
′, v′),
[Prs, Xuv] = q(r, s; u, v), [Prs, Pt] = h(r, s; t),
[Prs, Xu] = ρ(r, s; u), [Xuv, Pr] = q(u, v; r),
[Xuv, Xw] = η(u, v;w),
[Prs, Ttu] = ν(r, s; t, u), [Xuv, Trw] = τ(u, v; r, w),
{Tru, Tsv} = t(r, u; s, v), [Tru, Ps] = κ(r, u; s),
{Tru, Xv} = ζ(r, u; v).
In order to have a color superalgebra, these relations must be compatible with the graded
Jacobi identities. Enforcing this compatibility imposes constraints on the central elements.
Below we list the constraints together with the three elements of gˆℓ1,ℓ2 used to compute
the graded Jacobi identity. The constraint relations are classified into five categories:
Category I:
• Prs, Pr′, Ps′ :
p(r, s; r′, s′) = 0. (4.1)
• Xuv, Xu′, Xv′ :
x(u, v; u′, v′) = 0. (4.2)
• Xuv, Pr, Ps :
q(u, v; r, s) = 0. (4.3)
• Prs, Pt, Xu :
ν(r, s; t, u) = 0. (4.4)
• Xuv, Pr, Xw :
τ(u, v; r, w) = 0. (4.5)
• Tru, Ps, Xv :
t(r, u; s, v) = 0. (4.6)
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Category II:
• Lm, Ln, Pr :
(nℓ1 − r) p(m,n+ r)− (mℓ1 − r) p(n,m+ r)− (m− n) p(m+ n, r) = 0. (4.7)
• Lm, Ln, Xu :
(nℓ2 − u) x(m,n+ u)− (mℓ2 − u) x(n,m+ u)− (m− n) x(m+ n, u) = 0. (4.8)
Category III:
• Pr, Ps, Pt :
h(r, s; t) + h(s, t; r) + h(t, r; s) = 0. (4.9)
• Xu, Xv, Xw :
η(u, v;w) + η(v, w; u) + η(w, u; v) = 0. (4.10)
• Lm, Prs, Pt :
(mℓ1 − r) h(m+ r, s; t) + (mℓ1 − s) h(r,m+ s; t)
+ (mℓ1 − t) h(r, s;m+ t) = 0. (4.11)
• Lm, Xuv, Xw :
(mℓ2 − u) η(m+ u, v;w) + (mℓ2 − v) η(u,m+ v;w)
+ (mℓ2 − w) η(u, v;m+ w) = 0. (4.12)
Category IV:
• Pr, Ps, Xu :
κ(r, u; s) + κ(s, u; r) + ρ(r, s; u) = 0. (4.13)
• Pr, Xu, Xv :
ζ(r, u; v)− ζ(r, v; u) + q(u, v; r) = 0. (4.14)
• Lm, Prs, Xu :
(mℓ2 − u) ρ(r, s;m+ u) + (mℓ1 − r) ρ(m+ r, s; u)
+ (mℓ1 − s) ρ(r,m+ s; u) = 0. (4.15)
• Lm, Xuv, Pr :
(mℓ2 − u) q(m+ u, v; r) + (mℓ2 − v) q(u,m+ v; r)
+ (mℓ1 − r) q(u, v;m+ r) = 0 (4.16)
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• Lm, Tru, Ps :
(mℓ2 − u) κ(r,m+ u; s) + (mℓ1 − r) κ(m+ r, u; s)
+ (mℓ1 − s) κ(r, u;m+ s) = 0. (4.17)
• Lm, Tru, Xv :
(mℓ2 − u) ζ(r,m+ u; v) + (mℓ2 − v) ζ(r, u;m+ v)
+ (mℓ1 − r) ζ(m+ r, u; v) = 0. (4.18)
Category V:
• Lm, Pr, Ps :
p(m; r, s)− (mℓ1 − r)α(m+ r, s)− (mℓ1 − s)α(r,m+ s) = 0. (4.19)
• Lm, Xu, Xv :
x(m; u, v)− (mℓ2 − u) β(m+ u, v)− (mℓ2 − v) β(u,m+ v) = 0. (4.20)
• Lm, Pr, Xu :
t(m; r, u)− (mℓ1 − r) γ(m+ r, u)− (mℓ2 − u) γ(r,m+ u) = 0. (4.21)
• Lm, Ln, Prs :
(nℓ1 − r) p(m;n+ r, s) + (nℓ1 − s) p(m; r, n+ s)− (mℓ1 − r) p(n;m+ r, s)
− (mℓ1 − s) p(n; r,m+ s)− (m− n) p(m+ n; r, s) = 0. (4.22)
• Lm, Ln, Xuv :
(nℓ2 − u) x(m;n+ u, v) + (nℓ2 − v) x(m; u, n+ v)− (mℓ2 − u) x(n;m+ u, v)
− (mℓ2 − v) x(n; u,m+ v)− (m− n) x(m+ n; u, v) = 0. (4.23)
• Lm, Ln, Tru :
(nℓ1 − r) t(m;n+ r, u) + (nℓ2 − u) t(m; r, n+ u)− (mℓ1 − r) t(n;m+ r, u)
− (mℓ2 − u) t(n; r,m+ u)− (m− n) t(m+ n; r, u) = 0. (4.24)
The graded Jacobi identities for other combinations of elements of gˆℓ1,ℓ2 do not produce
any more new relations. Thus solving the relations (4.7) to (4.24) gives the complete
classification of the central extensions of gℓ1,ℓ2. We prove the theorem by adopting this
approach in what follows.
The relations in Category I show that the extensions are trivial. In fact, the relations
in Category V also shows the same.
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(i) α(r, s), β(u, v), γ(r, u), p(m; r, s), x(m; u, v), t(m; r, u) are trivial (Category V).
These extensions are absorbed by redefining Prs, Xuv and Tru as follows:
P ′rs = Prs + α(r, s), X
′
uv = Xuv + β(u, v), T
′
ru = Tru + γ(r, u). (4.25)
The absorption of p(m; r, s) is verified by computing [Lm, P
′
rs] with (4.19). The relation
(4.22) is then trivial if all p’s are removed using (4.19). The same argument is also applied
for x(m; u, v) and t(m; r, u) for the analogous equations (4.20), (4.21), (4.23) and (4.24).
(ii) p(m, r) and x(m, u) (Category II).
Set m = 0 in (4.7) gives, if n+ r 6= 0,
p(n, r) = −
nℓ1 − r
n+ r
p(0, n+ r).
This extension is trivial since it is absorbed by the redefinition P ′r = Pr+ r
−1p(0, r) where
r 6= 0. Therefore one may write
p(n, r) = δn+r,0 p(n). (4.26)
This implies that r ∈ Z so that ℓ1 is a non-negative integer. Equation (4.7) then becomes
(nℓ1 +m+ n)p(m)− (mℓ1 +m+ n)p(n)− (m− n)p(m+ n) = 0. (4.27)
Setting m = 0 in (4.27), we see that p(0) = 0 for any ℓ1. We also see from (4.27) by
setting m+ n = 0 that mℓ1(p(m) + p(−m)) = 0. We thus have
p(−m) = −p(m) if ℓ1 6= 0 (4.28)
Now we set m = 1 then (4.27) becomes
(n− 1)p(n+ 1)− (ℓ1 + n+ 1)p(n) + (nℓ1 + n+ 1)p(1) = 0. (4.29)
In (4.27), set m = −1 and replace n with n+ 1 to obtain the relation
(ℓ1 − n)p(n+ 1) + (n+ 2)p(n) + (nℓ1 + ℓ1 + n)p(−1) = 0. (4.30)
Two relations (4.29) and (4.30) give the identity
(ℓ1 + 2)(ℓ1 − 1)p(n) = (ℓ1 − n)(ℓ1n+ n + 1)p(1)− ((ℓ1 + 1)n
2 − ℓ1 − n)p(−1) (4.31)
= (ℓ1 + 2)(ℓ1 − 1)np(1)
where (4.28) was used in the second equality. It follows that
p(n) = np(1) if ℓ1 6= 0, 1 (4.32)
However, this extension is trivial since the redefinition P ′0 = P0+(ℓ1+1)
−1p(1) absorbs the
p(n) being linear in n. Therefore we conclude that there exists no non-trivial extension
involving p(n) for ℓ1 6= 0, 1.
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For ℓ1 = 0, (4.28) does not hold true but (4.31) with ℓ1 = 0 is still valid and becomes
p(n) =
1
2
n2(p(1) + p(−1)) +
1
2
n(p(1)− p(−1)). (4.33)
It is easy to verify that this p(n) satisfies (4.27) with ℓ1 = 0. The second term (linear in n)
of p(n) is a trivial extension and ℓ1 = 0 implies p(1)+p(−1) 6= 0 unless p(1) = p(−1) = 0.
Therefore there exists a non-trivial extension if ℓ1 = 0.
If we set ℓ1 = 1, then (4.27) becomes the same relation as the one for the central
extension of the Virasoro algebra. Thus there exists a non-trivial extension for ℓ1 = 1.
One may repeat the same argument for x(m, u) since x(m, u) satisfies the same relation
as p(m, r) provided that ℓ1 is replaced with ℓ2.
(iii) q(u, v; r) and ζ(r, u; v) (Category IV).
As seen from (4.16) and (4.18), q(u, v; r) and ζ(r, u; v) satisfy the same relation. The
only difference is the symmetric property, namely q(u, v; r) is antisymmetric in the first
two arguments while ζ(r, u; v) does not have a particular symmetry. Set m = 0, then
(4.16) and (4.18) become
(u+ v + r)q(u, v; r) = (r + u+ v)ζ(r, u; v) = 0. (4.34)
Taking into account the antisymmetric property of q(u, v; r) one may write
q(u, v; r) = δu+v+r,0 q(u, v), q(u, v) = −q(v, u),
ζ(r, u; v) = δr+u+v,0 ζ(u, v).
This implies r ∈ Z so that ℓ1 is a non-negative integer. With this observation the equations
(4.14), (4.16) and (4.18) read
ζ(u, v)− ζ(v, u) + q(u, v) = 0, (4.35)
(mℓ2 − u)q(m+ u, v) + (mℓ2 − v)q(u,m+ v) + (mℓ1 +m+ u+ v)q(u, v) = 0, (4.36)
(mℓ2 − u)ζ(m+ u, v) + (mℓ2 − v)ζ(u,m+ v) + (mℓ1 +m+ u+ v)ζ(u, v) = 0. (4.37)
ζ(u, v) may be decomposed into the symmetric part (ζS) and the antisymmetric part
(ζA):
ζ(u, v) = ζS(u, v) + ζA(u, v). (4.38)
Substituting this into (4.35) one may express q(u, v) in terms of ζA(u, v) :
q(u, v) + 2ζA(u, v) = 0. (4.39)
It follows that ζA(u, v) and ζS(u, v) satisfy (4.37) separately. Therefore all possible central
extensions are obtained by solving (4.37) for ζA and ζS.
(iii-a) Antisymmetric ζA(u, v).
We first solve (4.37) for ζA. Set m = 1 and v = ℓ2, so that (4.37) becomes
(ℓ2 − u) ζA(u+ 1, ℓ2) + (ℓ1 + ℓ2 + 1 + u) ζA(u, ℓ2) = 0. (4.40)
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Varying u from ℓ2 to −ℓ1 − ℓ2 − 1 and ζA(ℓ2, ℓ2) = 0 one sees from (4.40) that
ζA(u, ℓ2) = 0, −ℓ1 − ℓ2 ≤ u ≤ ℓ2 (4.41)
One may also determine that ζA(u, ℓ2) = 0 beyond the range of u given in (4.41) as follows,
except the two cases (ℓ1, ℓ2) = (0, 0), (0,
1
2
). For u ≥ ℓ2 + 1 (4.40) is solved to give
ζA(u, ℓ2) =
(u+ ℓ1 + ℓ2)!
(ℓ¯+ 1)!(u− ℓ2 − 1)!
ζA(ℓ2 + 1, ℓ2), ℓ¯ = ℓ1 + 2ℓ2 (4.42)
while for u ≤ −ℓ1 − ℓ2 − 1
ζA(−u, ℓ2) =
(u+ ℓ2)!
(ℓ¯+ 1)!(u− ℓ1 − ℓ2 − 1)!
ζA(−ℓ1 − ℓ2 − 1, ℓ2), u ≥ ℓ1 + ℓ2 + 1 (4.43)
Set (m, u, v) = (2, ℓ2 + 2, ℓ2), then (4.37) becomes
(ℓ2 − 2)ζA(ℓ2 + 4, ℓ2) + 2(ℓ1 + ℓ2 + 2)ζA(ℓ2 + 2, ℓ2) = 0
and by (4.42) this gives
(ℓ¯+ 2) ℓ¯ (ℓ1(ℓ2 − 2) + (2ℓ2 − 1)(ℓ2 + 2))ζA(ℓ2 + 1, ℓ2) = 0.
It follows that
ζA(ℓ2 + 1, ℓ2) = 0, (ℓ1, ℓ2) 6= (0, 0),
(
0,
1
2
)
and ζA(u, ℓ2) = 0 for u > ℓ2.
Now we set (m, u, v) = (−ℓ¯,−ℓ1 − ℓ2, ℓ2), then (4.37) becomes with the aide of (4.43)
((1− ℓ¯)ℓ2 + ℓ1)ζA(−2ℓ1 − 3ℓ2, ℓ2)
= ((1− ℓ¯)ℓ2 + ℓ1)
(2ℓ¯)!
(ℓ¯− 1)!(ℓ¯+ 1)!
ζA(−ℓ1 − ℓ2 − 1, ℓ2) = 0.
It follows that
ζA(−ℓ1 − ℓ2 − 1, ℓ2) = 0, (ℓ1, ℓ2) 6= (0, 0),
(
0,
1
2
)
and ζA(u, ℓ2) = 0 for u < −ℓ1 − ℓ2. Therefore we have proved that
ζA(u, ℓ2) = 0, for ∀u, (ℓ1, ℓ2) 6= (0, 0),
(
0,
1
2
)
. (4.44)
We now set v = ℓ2, then (4.37) gives
(mℓ2 − u)ζA(m+ u, ℓ2) + ℓ2(m− 1)ζA(u,m+ ℓ2) + (m(ℓ1 + 1) + ℓ2 + u)ζA(u, ℓ2) = 0.
The first and the last term of this relation vanish due to (4.44) so that we have ζA(u,m+
ℓ2) = 0 for m 6= 1. Since u is arbitrary one may set u = ℓ2+1, then ζA(ℓ2+1, m+ ℓ2) = 0
which corresponds to the m = 1 case. Thus we have shown
ζA(u, v) = 0, for ∀u, v, (ℓ1, ℓ2) 6= (0, 0),
(
0,
1
2
)
. (4.45)
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We proceed to investigate the two exceptional cases of (ℓ1, ℓ2). We start with (ℓ1, ℓ2) =
(0, 1
2
). For these values of (ℓ1, ℓ2), equation (4.40) becomes(1
2
− u
)
ζA
(
u+ 1,
1
2
)
+
(3
2
+ u
)
ζA
(
u,
1
2
)
= 0. (4.46)
Setting u = −1
2
it is immediate to see from this relation that
ζA
(
−
1
2
,
1
2
)
= ζA
(1
2
,
1
2
)
= 0. (4.47)
The relation (4.46) is easily solved, for u > 1
2
and u < −1
2
, to give
ζA
(
u,
1
2
)
=
1
2
(
u2 −
1
4
)
ζA
(3
2
,
1
2
)
, ζA
(
− u,
1
2
)
=
1
2
(
u2 −
1
4
)
ζA
(
−
3
2
,
1
2
)
(4.48)
where u > 3
2
. Note that these relations also hold true for u = 1
2
. We now show that
ζA
(3
2
,
1
2
)
= ζA
(
−
3
2
,
1
2
)
. (4.49)
Set (m, u, v) = (3,−3
2
, 1
2
), (−3,−3
2
, 7
2
), then from (4.37) we obtain the following relations:
3ζA
(3
2
,
1
2
)
+ ζA
(
−
3
2
,
7
2
)
+ 2ζA
(
−
3
2
,
1
2
)
= 0,
5ζA
(
−
3
2
,
1
2
)
+ ζA
(
−
3
2
,
7
2
)
= 0.
Equation (4.49) follows immediately from these relations. Combining (4.48) and (4.49)
we have
ζA
(
u,
1
2
)
=
1
2
(
u2 −
1
4
)
ζA
(3
2
,
1
2
)
, for ∀u. (4.50)
Now set v = 1
2
in (4.37) to give
(m
2
− u
)
ζA
(
m+ u,
1
2
)
+
1
2
(m− 1)ζA
(
u,m+
1
2
)
+
(
m+ u+
1
2
)
ζA
(
u,
1
2
)
= 0.
This relation, together with (4.50), shows that if m 6= 1, then
ζA
(
u,m+
1
2
)
=
1
2
(
u2 −
(
m+
1
2
)2)
ζA
(3
2
,
1
2
)
, ∀u.
Since u is arbitrary one may set u = 3
2
and see that the above relation also holds true for
m = 1. Thus we have shown that for (ℓ1, ℓ2) = (0,
1
2
)
ζA(u, v) = (u
2 − v2)cζA, ∀u, v. (4.51)
Next we study the case of (ℓ1, ℓ2) = (0, 0). Note that u, v ∈ Z in this case. Equation (4.40)
becomes
uζA(u+ 1, 0) = (u+ 1)ζA(u, 0)
13
and this relation is easily solved: ζA(u, 0) = αu with α = ζA(1, 0) for any u. Setting
m = −1, v = 1 in (4.37) gives
uζA(u− 1, 1) + ζA(u, 0)− uζA(u, 1) = 0.
It follows that if u 6= 0
ζA(u, 1)− ζA(u− 1, 1) = ζA(1, 0). (4.52)
One may solve this for positive and negative u as follows:
ζA(u, 1) = (u− 1)ζA(1, 0), ζA(−u, 1) = −(u− 1)ζA(1, 0) + ζA(−1, 1), u ≥ 1. (4.53)
By setting (m, u, v) = (−2,−1, 1), we see from (4.37) that ζA(−1, 1) = −2ζA(1, 0). To-
gether with (4.53), we obtain that
ζA(u, 1) = (u− 1)ζA(1, 0), ∀u. (4.54)
Finally, using (4.54), we set v = 1 in (4.37) to conclude that
ζA(u, v) = (u− v)ζA(1, 0), ∀u, v. (4.55)
Therefore we obtain a non-trivial central extension for ℓ1 = ℓ2 = 0.
In summary, there exist two central extensions for ζA and q:
(ℓ1, ℓ2) ζA(u, v)
(0, 0) (u− v)cζA
(0, 1
2
) (u2 − v2)cζA
,
with q(u, v) = −2ζA(u, v).
(iii-b) Symmetric ζS(u, v).
Set u = v = ℓ2, then (4.37) becomes
2ℓ2(m− 1)ζS(ℓ2 +m, ℓ2) + (mℓ1 +m+ 2ℓ2)ζS(ℓ2, ℓ2) = 0. (4.56)
Further setting m = 1 gives the simple relation (ℓ¯+ 1)ζS(ℓ2, ℓ2) = 0, which shows that
ζS(ℓ2, ℓ2) = 0, ∀ℓ1, ℓ2. (4.57)
Returning to (4.56), we see that ζS(ℓ2 +m, ℓ2) = 0 if ℓ2 6= 0 and m 6= 1. This is also true
for m = 1 since setting (m, u, v) = (1, ℓ2 + 1, ℓ2) in (4.37) gives (ℓ¯ + 2)ζS(ℓ2 + 1, ℓ2) = 0.
We thus have obtained
ζS(ℓ2 +m, ℓ2) = 0, ∀m, ℓ1 if ℓ2 6= 0. (4.58)
Now we set v = ℓ2, then we have from (4.37) and (4.58) that ℓ2(m− 1)ζS(u, ℓ2 +m) = 0.
It follows that if ℓ2 6= 0 and m 6= 1 then ζS(u, ℓ2 +m) = 0 for any u, ℓ1. This is also true
for m = 1, which is seen by noting that the relation is true for u = ℓ2+1 and exchanging
the two arguments which gives ζS(ℓ2 +m, ℓ2 + 1) = 0. Therefore we have proved that
ζS(u, v) = 0, ∀u, v, ℓ1 if ℓ2 6= 0. (4.59)
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Namely, there exist no non-trivial central extension ζS if ℓ2 6= 0.
Next we investigate the case of ℓ2 = 0. Note that u, v ∈ Z in this case. Set m + u =
v = 0, then (4.37) and (4.57) gives uℓ1ζS(u, 0) = 0 for any u and ℓ1. Thus we have
ζS(u, 0) = 0, ∀u if ℓ1 6= 0. (4.60)
Set u = v, then (4.37) becomes
(mℓ1 +m+ 2u)ζS(u, u)− 2uζS(u+m, u) = 0. (4.61)
By setting m+u = 0 in this relation we obtain that u(ℓ1−1)ζS(u, u) = 0 for any u. Since
(4.60) was used to obtain this, we have shown that
ζS(u, u) = 0, ∀u if ℓ1 6= 0, 1. (4.62)
Returning to (4.61) we immediately conclude that
ζS(u, v) = 0, ∀u, v if ℓ1 6= 0, 1. (4.63)
Therefore the possibility of non-trivial extensions is restricted to ℓ1 = 0 or 1.
Let us study the case of ℓ1 = 1. Set v = 1, then (4.37) becomes
(2m+ 1 + u)ζS(u, 1)− uζS(u+m, 1)− ζS(u,m+ 1) = 0. (4.64)
Since (4.60) holds true for ℓ1 = 1, we obtain a recurrence relation from (4.64) by setting
m = −1 :
(u− 1)ζS(u, 1)− uζS(u− 1, 1) = 0.
This is easily solved to give ζS(u, 1) = uα with α = ζS(1, 1) being a constant. Substituting
the solution into (4.64) then gives ζS(u,m+1) = u(m+1)α.We thus proved that if ℓ1 = 1
and ℓ2 = 0 there exists a non-trivial extension given by
ζS(u, v) = uv cζS , ∀u, v (4.65)
We turn to the case of ℓ1 = 0. Set v = 0, then (4.37) has the simple form
(m+ u)ζS(u, 0)− uζS(m+ u, 0) = 0. (4.66)
Setting u = 0, we observe that ζS(0, 0) = 0. Having this in mind, the solution to (4.66) is
easily found: ζS(u, 0) = uα with α = ζS(1, 0) being a constant. Now we set u = v, then
(4.37) becomes
(m+ 2u)ζS(u, u)− 2uζS(u+m, u) = 0. (4.67)
By setting u + m = 0, one may see that ζS(u, u) = 2uα for any u. Substituting this
back into (4.67) we obtain ζS(u +m, u) = (2u +m)α for all u,m. Therefore we found a
non-trivial extension given by
ζS(u, v) = (u+ v)cζS , ∀u, v (4.68)
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In summary, there exist two central extensions ζS :
(ℓ1, ℓ2) ζS(u, v)
(0, 0) (u+ v)cζS
(1, 0) uvcζS
(iv) ρ(r, s; v) and κ(r, u; s) (Category IV).
Set m = 0, then (4.15) and (4.17) become
(u+ r + s)ρ(r, s; u) = (r + u+ s)κ(r, u; s) = 0.
It follows that the non-trivial extensions exist only if r + s + u = 0 which means that
u ∈ Z and ℓ2 is a non-negative integer. Recalling that ρ is symmetric with respect to the
first two arguments, one may write
ρ(r, s; u) = δr+s+u,0ρ(r, s), ρ(r, s) = ρ(s, r),
κ(r, u; s) = δr+s+u,0κ(r, s).
With these expressions (4.14), (4.15) and (4.17) yield
κ(r, s) + κ(s, r) + ρ(r, s) = 0,
(mℓ1 − r)ρ(m+ r, s) + (mℓ1 − s)ρ(r,m+ s) + (mℓ2 +m+ r + s)ρ(r, s) = 0,
(mℓ1 − r)κ(m+ r, s) + (mℓ1 − s)κ(r,m+ s) + (mℓ2 +m+ r + s)κ(r, s) = 0. (4.69)
Decomposing κ into the symmetric and antisymmetric parts κ = κS + κA, one may see
that
ρ(r, s) + 2κS(r, s) = 0
and κS and κA satisfies (4.69) separately. The relation (4.69) is the same as (4.37) provided
that the role of ℓ1 and ℓ2 is exchanged. Therefore one may rely on the same arguments
as in (iii). We will not repeat it and present only the result. There exist the following
central extensions:
(ℓ1, ℓ2) κS(r, s) κA(r, s)
(0, 0) (r + s)cκS (r − s)cκA
(1
2
, 0) 0 (r2 − s2)cκA
(0, 1) rs cκS 0
(v) h(r, s; t) and η(u, v;w) (Category III).
These extensions have a definite symmetry:
h(r, s; t) = h(s, r; t), η(u, v;w) = −η(v, u;w). (4.70)
Setting m = 0, we obtain the relations from (4.11) and (4.12):
(r + s+ t)h(r, s; t) = (u+ v + w)η(u, v;w) = 0.
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Thus the extension h(r, s; t) (respectively η(u, v;w)) exists only if ℓ1 (respectively ℓ2) is a
non-negative integer. One may write
h(r, s; t) = δr+s+t,0 h(r, s), h(r, s) = h(s, r),
η(u, v;w) = δu+v+w,0 η(u, v), η(u, v) = −η(v, u).
With these, equations (4.9), (4.10), (4.11) and (4.12) become
h(r, s) + h(s,−r − s) + h(−r − s, r) = 0,
(mℓ1 − r)h(m+ r, s) + (mℓ1 − s)h(r,m+ s) + (mℓ1 +m+ r + s)h(r, s) = 0, (4.71)
η(u, v) + η(v,−u− v) + η(−u− v, u) = 0,
(mℓ2 − u)η(m+ u, v) + (mℓ2 − v)η(u,m+ v) + (mℓ2 +m+ u+ v)η(u, v) = 0. (4.72)
The relations (4.71) and (4.72) have the same form as (4.37) with ℓ1 = ℓ2. Thus we can
apply the procedure same as (iii) and obtain the following non-trivial extensions:
h(r, s) = δℓ10(r + s)ch, η(u, v) = δℓ20(u− v)cη. (4.73)
This completes the proof of the theorem.
5 Concluding remarks
In order to demonstrate the utility of color superalgebras in a mathematical setting, we
introduced the novel class of Z2×Z2-graded color superalgebras gℓ1,ℓ2 of infinite dimension
which are realized in the UEA of the superalgebra vℓ1,ℓ2. Then a classification of all possible
central extension of gℓ1,ℓ2 was given. We observed that non-trivial central extensions exist
only when one of ℓ1, ℓ2 vanishes or equals unity. This reflects the fact that the structure of
gℓ1,ℓ2 is fixed strongly by the Virasoro generators Lm (see (3.3)). If one of ℓ1, ℓ2 vanishes,
then the constraint on the central elements from the graded Jacobi identity is relaxed
significantly. This is also the case if one of ℓ1 or ℓ2 is equal to unity. This is the reason
why the non-trivial extensions exist only for small values of parameters.
We also showed that the algebras gˆℓ1,ℓ2 and gℓ1,ℓ2 admit adjoint and superadjoint oper-
ations. Thus they may have unitary representations. As is well-known, the importance of
representation theory is not only in mathematics but also in physics. Many physical ap-
plications of algebraic objects are made through their representations, especially unitary
representations which are essential in quantum physics. The study of the representations
of gˆℓ1,ℓ2 still remains an open problem, but the existence of unitary representations allows
for the possibility that gˆℓ1,ℓ2 has physical applications. To the best of our knowledge,
connections between infinite dimensional color superalgebras and physics have been con-
sidered only in [8]. Since gˆℓ1,ℓ2 is a color extension of Virasoro algebra, it would be possible
to discuss its connection to string theory or conformal field theory. To this end, we need
to understand the representations of gˆℓ1,ℓ2 more deeply. This will be the subject of future
work.
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